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Abstract

In this paper we extend the range of applications of the previous work [Fouque
et al, Wave Motion 42, 238-260 (2005)]. We consider first the case of an active
source embedded below the surface in a finely layered random medium. We perform
time reversal with a time reversal mirror placed at the surface and we consider
here the case where this mirror is larger than the carrier wavelength. In contrast
with the situation addressed in our previous paper, where the size of the mirror was
comparable to the wavelength, we show that multipathing dramatically enhances the
effective aperture of the mirror so that super resolution at the location of the source
can be obtained. In other words, the focal spot radius of the refocused field is much
smaller than the spot size obtained in the case of a homogeneous medium. This super
resolution effect is obtained by time-reversing the long incoherent waves generated
by the multiple scattering due to the thin layers. We also give an application to
the problem of focusing on a passive scatterer buried in the random medium and
illuminated by a source at the surface.
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1 Introduction

Time reversal super resolution effects for waves propagating in heterogeneous
media have been recently observed and studied experimentally in various con-
texts, e.g. ultrasound, underwater acoustics, see for instance the review [11].
Super resolution is characterized by the generation of a focal spot narrower
than the spot size predicted by the Rayleigh formula in homogeneous space
[7]. Important potential applications have been proposed in various fields, for
instance imaging [19,12], communication [10], and destruction of tumors and
kidney stones [11]. Mathematical understanding of this effect has been the
topic of recent research. The one-dimensional situation where only time re-
compression can occur due to geometry is well understood [9]. Time reversal
in the three-dimensional case has been studied in various regimes of separa-
tion of scales: [2,4,17,5] in the parabolic regime, [3] in the radiative transfer
regime, [14,13] in the randomly layered case. In [13] we studied the problem
of the detection of a source using a small time reversal mirror of size compa-
rable to the wavelength. In that case spatial refocusing takes place along rings
due to the layered structure. The case of a large mirror is considered in [6]
where an application to imaging in randomly layered media is given by using
statistically stable coherent front waves. In this paper we also consider the
case of a large mirror and we propose an application to the adaptive focusing
on a strong scatterer buried in a randomly layered medium. We show that
super resolution can be achieved on the scatterer by time reversing incoherent
reflected waves and creating an aperture enhancement due to multi-pathing.
We discuss the basic properties of time reversal in three dimensional randomly
layered media and we compare the fundamental diffraction limit phenomenon
in the homogeneous and random cases.

In the first part of the paper, an active source located inside the medium
emits a pulse that is recorded on a time reversal mirror. The wave is sent
back into the medium, either numerically in a computer with the knowledge
of the medium, or physically into the real medium. The goal of this paper is
to give a precise description of the refocusing of the pulse. In the regime of
separation of scales that we consider, we show that the pulse refocuses at the
original location of the source and at a critical time. In fact, time reversal
refocusing contains information about the source which cannot be obtained
by a direct arrival time analysis. The resolution at the source can be enhanced
by the randomness in the medium, this is sometimes referred to as a super
resolution effect.

We consider the regime where the typical wavelength of the pulse emitted
by the source is large relative to the correlation length of the medium, but
short relative to the depth of the source. In this paper we first study wave
propagation in a three dimensional layered medium in the case where the



source is inside of the medium. We then consider time reversal of the wave
emanating from the source and we analyze the refocusing properties of the
wave field. We consider linear acoustic waves propagating in three spatial
dimensions:
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where p is the pressure, u is the velocity, p is the density of the medium and
K the bulk modulus. The forcing term F is due to the source. We consider
the case with a constant density (for simplicity) and a randomly fluctuating
bulk modulus in the slab —L < z < 0. Furthermore we assume that these
fluctuations are only z-dependent, so that the medium is layered in that di-
rection. Note that by hyperbolicity of the system of governing equations we
can choose L large enough so that the termination of the slab does not affect
the wave field at the surface z = 0 over the finite time period that we consider.
We therefore discuss the model

) 1 %<1+V(§)> if z € [-L,0], 2
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where v is a zero-mean mixing process and €2 is a small dimensionless param-
eter that characterizes the ratio between the correlation length of the medium
and the typical depth of the source. A source located at (X, z;), 25 < 0, gen-

erates a short pulse at time t,. This is modeled by the forcing term F given
by:

F(t,x,2) = ﬁ(t js,x_xs) 5z — 2), (3)

where we distinguish the transverse spatial coordinates x = (z,y) and the
longitudinal coordinate z. Note that 1) the time duration of the source is
short and scaled by e which is large compared to the correlation length of
the medium which is O(¢?), but small compared to the propagation distance
2) the amplitude factor €2 has been added so that our quantities of interest
will be of order one, but it plays no fundamental role as the wave equations
are linear.

In our time reversal setup we place a time reversal mirror of spatial size O(1)
at the origin. Our setup is illustrated by the cartoon given in Figure 1. In
Section 2 we give the integral representation for the field generated by a source.
The integral representation is obtained by taking a Fourier transform in the
time and lateral space coordinates. In Section 3 we present the time reversal
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Fig. 1. Geometry of the experiment and emission from a point source.

setup and we compute the integral representation of the time reversed field.
In Section 4 we consider the case of a homogeneous medium and we compute
in particular the size of the refocused spot size. In Section 5 we analyze time
reversal with a source embedded in a randomly layered medium with a mirror
at the surface. We carry out a careful stationary phase analysis combined
with classic diffusion approximation results in the limit of small £. This gives
a limit for the time reversed wave field which reveals a refocusing of the pulse
at a critical time and at the original source location. In order to illustrate
the so-called super resolution effect, we compute the focal spot size for some
specific random medium configurations and compare with the results obtained
in the homogeneous medium case. The theoretical formulas are based on a
description of the moments of the mode dependent reflection and transmission
coefficients presented in [13]. We finally extend these results to the case of an
embedded scatterer illuminated by a source located at the surface in Section
6.

2 Wavefield generated by a point source
2.1 The Fourier representation

In the scaling that we consider, the typical wavelength of the source is small
O(e) and we use the following specific Fourier transform and its inverse with
respect to time and the transverse direction:

ﬁ(wah"a Z)://p(t7xu Z>€%(t_KhX)dth7

1 w
p(t,x,2) = W / /ﬁ(W, K, 2)6_?(t_n'x)w2du)dh‘,.

We denote by f the ordinary unscaled Fourier transform of the source profile:

5 - . - 1 5 .
fw, k) = /f(t,x)e’“(t_“'x)dtdx, f(t,x) = W/f(w,n)e_’w(t_m'x)Wdedm.



The effective sound speed is ¢ = /K /p and, with the notation x = |k/|, the
effective mode-dependent longitudinal velocity ¢(k) and the mode-dependent
acoustic impedance (k) are given by

(k) = N I(r) = pc(k). (4)

We shall address different configurations in this paper, including active sources
and passive scatterers. We shall see that, by using appropriate integral repre-
sentations, it is always possible to reduce the problem to the computations of
1) the field generated at the surface by a source located in the medium and/or
2) the field generated in the medium by a source located at the surface. In the
next two sections, we give the general formulas for these two situations.

2.2  Field generated at the surface by an internal point source

In this subsection we consider the source (3) located inside the medium (mean-
ing z; < 0). We focus our attention to the wave at the surface z = 0 denoted
by (us, ps). The integral representation of the field has been obtained in [13]
(Equation (21)):

ps(t,x CISE / ' a(w, k,0) e T RN G2 dk, (5)
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where U = (v, us), and

a(w, k,0) = e (b mhxs) [6_%71]((,0, Ky 2s)Sa(w, K)

iwzs

—ecick) Rg(w, K, Zs)Sb(w’ K/) : (8)

The source contributions are given by
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Fig. 2. Reflection and transmission coefficients.

1 0
L} -<—
ER(UJ,H) (Z, 0 T(w,/i) (Z, O)
P — — >
—L z 0o

Fig. 3. Adjoint reflection and transmission coefficients.
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where we have introduced the transverse and longitudinal source components
defined by f= (fx, f>). The coefficients R, and T, are generalized versions of
the standard reflection and transmission coefficients used in classical papers
[1]. The coeflicients T{,, . (=L, 2) and R, .)(—L, z) for a slab [—L, 2] are the
usual transmission and reﬂectlon coefficients for the experiment correspond-
ing to a left-going input wave incoming from the right (see Figure 2). We also
introduce E’(w{) and f(w,,{) defined as the adjoint reflection and transmission
coefficients for the experiment corresponding to a right-going input wave in-
coming from the left (see Figure 3). We can express the generalized coefficients
R, and T in terms of the usual reflection and transmission coefficients R, x)
and T, ) and the adjoint coefficients R(wv,{) and T(w,ﬁ):

Ry(w,k,2)= - (Z,O)R(wﬁ (—L.2) (11)
w,n( <y )
Ty(w, k,2)= . (50 Rem(—L2) (12)

The asymptotic analysis of the moments of these coefficients is presented in
[13]. To sum-up the analysis carried out in [13], we can say that the transmitted
signal comprise a coherent front wave of duration O(¢g) corresponding to the
duration of the source, and a long noisy coda part that is caused by the
multiple scattering by the layers. These coda waves are part of, and play a
crucial role in, the time reversal procedure that we describe next.



2.3  Field generated in the medium by a surface point source

We now address the case of a source of the form (3) located at the surface
2z, = 0 and we also take x, = 0: F(t,x, z) = e2g((t —t,) /e, x)(z). Performing
the same analysis as in [13], we can write the integral representation of the
field inside the medium:

_]_ ]_ ~ iwz
u(t’x7 z) = (277-5)3 / 2m55(w, K',) [Rg(w, K, Z)esc(n)
+T5(w, K, z)e_%} e RN W2 dud. (13)

where the source term Sy is defined as in (10):

; 1) (s ) — — (k)
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The pressure and transverse velocity fields possess similar integral representa-
tions but we do not write them as they are not required for the forthcoming
analysis.

3 Time reversal with an active point source

We consider the situation where a point source located inside the medium at
(x5, 25), zs < 0, emits a short pulse. The forcing term imposed by this source
is of the form

t—ts

Ft,x,2) = a2f( ) 5(x — %4)5(2 — 2,) (14)

and it generates a wave at the surface as described in Subsection 2.2. The first
step of the time reversal procedure consists in recording the velocity signal at
the surface z = 0 on the mirror M = {(x,z2),x € D,z = 0} during some time
interval centered at ¢t = 0. The shape of the mirror whose center is located at
the point 0 is given by D C R?. It turns out that, as ¢ — 0, the interesting
asymptotic regime arises when we record the signal during a large time interval
whose duration is of order one and is denoted by t; with t; > 0. Note that, in
a source detection problem, ., x,, and z, are unknown quantities.

In the second step of the time reversal procedure, a piece of the recorded
signal is clipped using a cut-off function s — G1(s) where the support of Gy



is included in [—t1/2,t;/2]. We denote the recorded part of the wave by ..
so that

ﬁrec(tax) :ﬁs(t7X)Gl(t)G2 (X) ) (15)

where Gy is the spatial cut-off function introduced by the mirror Ga(x) =
1p(x), and D is the shape of the mirror. We then time reverse this piece of
signal and send it back into the same medium. This means that we consider
a new problem defined by the acoustic equations (1) with the source term

ﬁTR(ta X, Z) = ETR(ta X>5<Z>7 f_:TR(t? X) = ﬁéﬁmc(_t? X)v (16>

where TR stands for “Time Reversal” and the factor p¢ has been added to
restore the physical dimension of the expression. Note that by linearity of the
problem this factor plays no role in the analysis.

By using successively (16), (15), (7) and (6), we obtain

——— A ) / R !,/
fTRx(w K) / Ka(w' k', 0)Gy (w w >G2 (M) W2dw'dr,
27r5 € €

pe wk + W'k’

/ W= W 12 1 7.1
oy /2\/7 HOG1< ; )Gg( - )wdwdm,

where a(w, k,0) is given by (8), and the Fourier transforms of the window
functions are defined by

- / GO tdt,  Ga(k) = / Ga(x)e~ % dx.

fTR,z(wa H)

The new incoming signal propagates into the same medium and produces the
time reversed wave field. Here we derive an exact integral representation for
this wave field which will be exploited in the following sections to analyze its
refocusing properties.

Substituting the expressions for fTR’X and fTR,Z into (13), we obtain the fol-
lowing representation of the longitudinal velocity

Ho Hl, Hz W1 — Wo w1kK1 + Wako
01 s || MG [ (2

Z.(7(w2t5+w1t)+(w2ﬁ2.xs+wlﬁl.x)) ) o
Xe c w1w2dwldl‘&1du)2dl€27 (17)
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where we define the P;’s by
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and where the function Hj is given by
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Hy(k,K') K (18)

Motivated by the presence of the terms G;(1=%2) and G (M) we
carry out the change of variables wy = w+¢eh/2,wy =w—ech/2, kK1 = K+eX/2,
Ko = —K + €A /2, which, to leading order, gives

Hy(
UTR(t X, Z 2 // 0 i Kl 1 h)G hl‘&—i‘w}\
7T

1228

J=1

e ((ta D)K. (x— xé))w(té t+K. (x+xs))+ A (c4x5) whdwdhdrd, (19)

with the P;’s defined by

Pi=—¢ @ eTW_—)‘ Ke&(k)(2s+2) R R, W,
iw Zs+2 ih zs—2

Py— 2 HE R ET AR TR Ty

w 2s—2 1h zg
2

Py= =5 o7 Hog TEARAD G T G,

~ iw 2s+z  ih 2s—=z 1w

P4:—6_?m€?m__AHC(H 2s—2) R T m

where the generalized reflection and transmission coefficients with the complex
conjugate are evaluated at (w —eh/2, —k + €A /2, z,), and the other ones are
evaluated at (w4 eh/2, kK + eX/2, z), and where we have used that Vé(k) =
@(k)k from the definition (4). Note that, using the definition (18), we have
Hy(k, —k) = ¢(k)/c. In the following sections we study the asymptotic behav-
ior of the time reversed wave field urg, the longitudinal velocity, in the limit
e —0.



4 Time reversal in homogeneous medium

We first examine the deterministic case with ¥ = 0 which corresponds to a
source embedded in a homogeneous medium at the depth z;, < 0. The time
reversed wave field is described by (19) with R, = 0 and 7, = 1. In this case
only the ]53 term contributes to urgr which reduces to

1 z .
urgr(t,x, z) = 5 // C(,i) Se(w, —r)G1(h)Gy (hk + wA) (20)
(2m) 4\/1(k)
we 'S o8 (tmtH (o) = 25 )45 (ALt AR 4+2) g b dicd A

where the rapid phase is ¢ = w(—(t; +1) + k.(x — x;) + (25 — 2)/¢(K)). We
apply the stationary phase method. There are three cases depending on the
observation time t and the observation point M = (x, z). The first case cor-
responds to observing the wave front before it refocuses at the original source
point, whereas the second case corresponds to an observation point on the
wave front after it has refocused, and we show below that these two contribu-
tions are small of order . The third case corresponds to observing the wave
front at the original source point and at the critical time, and the refocused
wave is of order one.

o If ¢t < —t,, then there exists one stationary map given by k = Kk, and any
w, with
1 X — X 1x —x,

Ky = —= =——— (21)
C\/\z—zs|2+\x—xs|2 ¢ SM

if and only if the observation point M satisfies z > z; and SM = ¢|t + t|.
The stationary phase method gives that the value of the integral in (20) is of
order €.

o If t > —t,, then there exists one stationary map given by k = —k; and any
w, if and only if the observation point M satisfies z < zg and SM = &(t + t5).
Again the stationary phase method gives that the value of the integral in (20)
is of order e.

o If t = —t,, the critical time, there exists one stationary map if and only if
x = Xz and z = z,, and the map is globally stationary meaning that the value
of the integral in (20) is of order one. We thus consider an observation time ¢
close to —ts and an observation point close to (xs, z). This is done using the
following parameterization

t=—t;s+el, x=x,+¢cX, and z =2, +¢Z. (22)
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The integral representation of the refocused velocity field becomes

wra(t, %, 2) 27r //4C Su(w, —R)GL (M) G (his + W)

><e ( —T4+KR.X— C(K)) zh(t +K.xs— E(n))—l—zw()\ Xo+A. Ré(k) zs) 4dehdl‘&d>\ (23>
Next we apply the change of variables A — k = wA 4+ hk and we integrate
with respect to k and h to obtain

urg(t, X, z) % // 4C (ts - z%) Gs (x5 + KE(K)z2s)

X S, —r)e™ ( THEX=5) 2 dwdk. (24)

Qualitatively, the mirror emits a converging spherical wave whose amplitude
is of order £ and whose support at time t < —t, lies in the upper part of the
sphere with center S and radius ¢(t+t5). At the critical time —t4 the refocusing
occurs at the original source location S. The refocused pulse has an amplitude
of order one and it is given by (24). After the time —t, a diverging spherical
wave is going downwards from the point S (see Figure 4). We can be more
precise and give quantitative information on the focal spot.

In order to simplify the formula and clarify the roles of the different quantities
in the refocusing we assume that the source is concentrated in frequency in a
narrow band around a large carrier frequency wy, and is located relatively far
from the mirror. These assumptions translate into

—

- t .
ft) = 1§, (T—) et 4 . (25)

with weTy, > 1 and |zs| > a, where T, is the initial pulse width and a is the
diameter of the mirror. The function f; is the normalized envelope of the pulse
profile. The spatial cut-off function determining the mirror has the form

Galx) = g2 (%) (26)

where gy is the normalized cut-off function. We choose the (x, y)-axes so that
the lateral position of the source is x5 = (z5,0). Then, after the change of
variable kK — y = X, + k¢(k)zs in (24), and integration with respect to y, we
get

11



a’z,w? - = T (X Z).dS Z-WO(_T+(XLZ).CYS)
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w2 = g5z 05 O ( T, " 5T, |°

0S5\ . [woalz Woa
x G4 (ts + - )gg < e (xsZ — 2,X), COSY> + c.c(27)

where OS is the vector from the origin to the source. Note that the longitudinal
refocused velocity field is nonzero only if the signal originating from the source
has been recorded by the mirror, meaning that t; + O.S/¢ lies in the support
of G. The focal shape depends on the Fourier transform of the mirror shape
and the initial pulse profile. In the new orthonormal frame (€, €;, €3) defined

by
1 —Zg 0 1 Tg
e, = — 0 e, = | 1 e. = —— | O
€1 OS( 2. )7 €2 (0)7 €3 05(28)7

the pulse shape shown in Figure 6 is, up to a multiplicative factor

woa

EOS(

|UTR(t, X, Z)| =

052

0S.f T (X 2)&
os \ T, T

i (“’0“'28' (X, 2).8,, 22 (X, Z>.é*2>

- In the €;-direction (along the vector OﬁS), the focal spot size is determined
by the initial pulse width T, and it is given by Rz = ¢T,.

- In the two other directions, the focal spot size is determined by the mirror
size a. In the €;-direction, the focal spot has the size Ry = \OS/a where
Ao = 27¢/wy is the carrier wavelength of the pulse. In the €;-direction, the
focal spot has the size Ry = \gOS?/(alz|). These formulas are consistent with
the standard Rayleigh resolution formula, which claims that the focal spot
of a beam with carrier wavelength Ay focused with a system of size a from
a distance L is of the order of A\gL/a [7]. More precisely, we can rewrite the
focal spot radii in terms of the numerical aperture of the waves that participate
in the refocusing (see Figure 5). The spot sizes are given by R; = \o/A¢;,
J =1,2, where

Te+ 2 Ts+ 2\ |2s>a |zs|a
A¢ = arct 2 ) — arctan | — 2) = 2
¢1 = arctan ( P ) arctan < P ) 052 (28)
B a B B a \z5r|3>a a
A¢y = arctan (—205) arctan ( 205> o (29)

12
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Fig. 4. Pulse refocusing in homogeneous medium. The focal spot size depends on
the numerical aperture which measures the angular diversity of the refocused waves
which participate in the refocusing.
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Fig. 5. Cones of aperture. The left plot shows the (€1, €3)-section of the cone of
aperture. The right plot shows the (€3, €3)-section.
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Fig. 6. Pulse shape in the plane (€;,€3). The mirror is a square with size a, the
initial source is vertical and emits a Gaussian pulse of duration T;,. As a result the
spot shape is a sinc function with radius D = \g/A¢; with A¢y = alzs|/OS? in
the €; direction and a Gaussian function with radius ¢TI, in the €3 direction. It is
also a sinc function with radius A\g/A¢e with Agy = a/OS in the & orthogonal
direction (not shown here).
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5 Random Medium

Now we analyze the case with a random medium. We first consider the P
term in the expression (19) for the longitudinal velocity. As shown in [13]
the generalized transmission coefficient depends only on the modulus of the
slowness vector K, so we can write

u$h(t,x, 2) o / / T Su(w, —R)GL (M) G (his + W) (30)

XTy (w—eh/2, |—n+a>\/2| zs) g(Ww+eh/2 |k +eN/2|,2)

X6%612h (ts K. (x+xs)— Zg(;r)z)-i-lg’ (A.(x-ﬁ-xs)—i-)\.h‘,c(n)(zs—i-z )w4dwdhdnd)\,

where the rapid phase is ¢ = w (—(t;s +1) + k.(x — %) + (2, — 2)/¢(k)). As
e — 0 the asymptotic behavior of this integral is governed by its fast phase
and by the product of the two transmission coefficients which contains the
effect of randomness. We first apply the stationary phase method and we will
deal with the random part of the integral in a second step. The rapid phase is
the same as in the homogeneous case and we find that the globally stationary
point is determined by t +t;, = 0, x = X, and z = z,. We then consider
an observation time t close to —t, and an observation point (x,z) close to
(x5, z5) according to the parameterization (22). The integral representation of
the refocused velocity field is then

ufh(t,x, 2) = 27T //4 T Sl —R) G (h)Cia (hre + W)
C

XTy (w—eh/2,| — Kk +eX/2], zs) g (WHeh/2 |k +eN/2|, 2, + )
( —T4+K.X— o )) zh(t +K.xs— B ))—l—zw()\xs—l—)\ Ré(k) zs) 4dw€ihdl‘&d>\ (31>

xe'

The effect of the randomness is contained in the product of the generalized
transmission coefficients. In the next section we use the asymptotic analysis of
the autocorrelation function studied in [13] to deduce the refocusing properties
of the pulse.

5.1 FEaxpectation of the refocused pulse

The expectation of ug‘f’}){(t, X, z) given in (31) involves the first moment of the
product of generalized transmission coefficients. In [13] it is shown that the
generalized transmission coefficients at two frequencies and slowness vectors
are correlated only if the frequencies and the moduli of the slowness vectors

14



are close to each other at order . More precisely, it is shown in [13] that, for
any [ and any h, we have

E T, (w—ch/2, k= cl/2, 2)Ty (w + €h/2, ki + €1/2, 2 + €2))| (32)
=9 /e’[h_“lé § “]TWg_ (w, k, T)dT

where

W( w K, T Z [W K, _L7 Zs) * W1(1T)(7 W, R, Zs, O)] (T)7 (33)

g

and the W,,’s and W{)’s are the solutions of the following systems of transport
equations:

oW, N 2p OW, B p?

— =2
0z é(k) Ot Lige(w, ) Woi1 + W1 = 2W),

starting from W,(7, w, K, 20, 2 = 20) = 1o(p)d(7), and

oW L2 oW 1

i = T (P DR AP - 07+ IWD),

starting from WIET) (T, w, K, 20, 2 = 29) = 1o(p)d(7). Here the localization length
Lioe(w, k) is defined by

[e.e]

y= / E[v(0)v(2)]dz. (34)

—00

4¢t
Lioe ) = Z )
toe(0 ) vé(k)2w?

Using |k +eA/2| = k +¢€l/2, | = kK.A/k + O(e), we get after substitution of
(32) into (31) that, in the asymptotic limit ¢ — 0,

E [ufh(t.x9)] = = [ ] ) S G RGN G (s + w0 (35)
(2) 4/ 1 (k)
X /ei[h_“’”‘)‘é(“ﬂTWg_) (w, K, T)dT
xe w(—TH+K.X— C(K)) zh(t&-—i-li.xé c(ﬂ))—i-zw()\ XsF+ . Kc(k Zs)w4dwdhdl<ad)\.

Performing the change of variables A — k = wA + hk and integrating with
respect to k and h, we obtain

_n)Gl (ts - ng + TC£§)2>

E[u(ﬂ)z(t X, 2)] 4
c
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X G (XS + Ke(K)zs — E(K)2RT) Wé_)(w, K, T)e™ W(THEX=5) 2 dudkdr.

We can deal with the three other components by the same method. In [13]
it is also shown that, in the limit ¢ — 0, the cross moments of R and T}
are zero, so that the contributions of the P, and P, terms vanish in the limit
€ — 0. Therefore we only need to study the P; term which gives

Bhuralt . 2)] = 2” //40 T(x Sb Siflo, ~r)G (t - g+%’;)2>

NED (Xs + kc(k)zs — (k) K',T) Wé”(w, K, T)e™ w(~T+E Xt o) wdwdkdr,

where
W w K, 7— Z [ "+1 a_L>ZS) * Wr(LT)('>wa R, 28,0)} (7—) (36)
n=0

5.2 Refocusing of the pulse

The main results of this section are the refocusing of the pulse and its self-
averaging property. These results are precisely stated in the following theorem
which gives the refocusing property and the convergence of the refocused pulse
to a deterministic shape concentrated at —t, in time and at the original source
location (x4, z,) in space.

Theorem 5.1
a) For any Ty > 0, Ry >0, Zy >0, § > 0, and (to,Xo, 20) # (—ts, X5, 25), we
have

P < sup lurg(t,x, )| > 5) =20.

[t—to|<eTp,|x—xs|<eRo,|z—20|<eZo

b) For any Ty > 0, Ry > 0, Zy > 0, and § > 0, we have

P < sup lurr(—ts + €T, xs + X, 2z, + £2)
|T1<To,|X|<Ro,|Z|<Z0

—Urp(T, X, Z)| > 5) =%,

where Urg 1s the deterministic pulse shape

w(nmhﬁ [, el fe) + Foo)] TR )
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(271r)3 /K_(“” k)

and the refocusing kernels are given by

~

+ —c(k)k.fx(w) + fz(w)] eiw(_TJ"{'X_TZﬁ))wzdwdn,

c(k)  Te(k)?

KH(w, k)= ﬁ/Gl <ts — zsg—lj + 2 ) Gs (xs + KE(K)zs — 5(@2&7)

¢
ng(i) (w, K, 7)dT (37)

The picture is qualitatively the same for the time-reversed transverse velocity
and pressure fields.

The proof of the theorem is a generalization of the arguments described in
[9,13] and goes along the following main steps.

- We first consider the expected value of urg. By the result of Section 5.1 we
find that this expectation converges to the limiting value given in the theo-
rem.

- We then consider the variance of upr. We write the second moment as a
multiple integral involving the product of four reflection coefficients at four
different frequencies. Using the decorrelation property of the reflection coeffi-
cient we deduce that the variance goes to zero.

Note that an integral over frequency (ensured by the time domain nature
of time reversal) is needed for the stabilization or the self-averaging of the
refocused pulse.

5.8  Super Resolution

The complete expressions of the refocusing densities are complicated and do
not allow a simple discussion. In order to be more quantitative we consider
the case with |z,| < Li,. < L, and where Lj,. = 4¢%/(yw?) is the localization
length associated with the carrier wavelength. This means that we address the
case of a source embedded in a random half-plane at a depth which is not too
large so that a coherent wave front remains. We have, up to terms of order
0(2/L3,).

loc

W()(UJ, K, T, _La Zs) = 5(T)a

(k)3 1
Wl(w,/@, T, _La ZS): 2(2[/) (k)3T 21[0700)(7—)7
C*Lioc (1 + 262%6)
e(k)or 1
W2(w7 K, T, _La ZS) = 242 (k)3T 3 1[0700)(7—)7
C Lipe (1 + —%QLIOC)
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M%m@amTﬁ&mzﬂmp<—d@2kJ)éﬁ):ll—cwy|%w50%

62 Lloc 62 Lloc

T c(k)
Wl( )((,u, Ky T, Zg, 0) = ml[o’mzsvg(ﬁ)] (T)

As a result, from (33) and (36), we deduce the expressions

()3

&(r) 1 |zl PR) 1 ge
W (w, K, 7) = ° 27Lioe__ - (38)

9 ’ ’ C(R)°T 2 C\R)°T 37
W (14 ) B2 (1 )
_ c(k)? || 25| e(k)° 1

WS w, k,7) =exp | — ) o) + - (39
g (W K T) Xp ( 62 Lloc (T> Lloc 20 Lloc (1 I 2(2[)/ )2 ( )

The first term in the right-hand of (39) corresponds to the contribution of the
coherent wave front. The other terms are the contributions of the incoherent
waves. Note that the first term in the right-hand side of (38) has a mass of
the same order as the contribution of the coherent front.

We parameterize the lateral position of the source by x; = (x4,0), zs > 0.
We assume that the spatial cut-off function associated with the mirror has the
form (26): G5(x) = g2(x/a), where a is the diameter of the mirror and g, is the
normalized cut-off function. In order to simplify the forthcoming expressions
we also assume that f is given by (25) where wy is the high-carrier frequency
and T, is the time pulse width, with woT,, > 1.

Refocusing of the front. Let us assume that we record only the coherent
front. This means that the support of the function G is of the form [Ty —
9,1 + 6] with e < 6 < 1 and

oS
TOIT_'_TIS
&

corresponds to the arrival time at the mirror of the front wave emitted by the
source. Then the form of the focal spot normalized by the maximal amplitude
of the focal spot obtained in the homogeneous case is

2 )S f —
Urr(T, X, Z) ~exp <— 05 )OS.f0< T M)

|Zs|Lloc oS _T_w ETw
i (257 (% 2)8, 22 (X, 7). (a0

where the A¢,’s are defined by (28-29). This shows that the focal spot shape is
the same as in the homogeneous case. The only difference is a slight reduction
of the amplitude due to the decay of the coherent energy.
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Fig. 7. Cones of aperture (A¢1, A¢) and (Afy, Afy) generated respectively by the
coherent wave front and by the incoherent scattered waves ((€;,€3)-section on the
left and (€2, €3)-section on the right).

Now, let us assume that we record some part of the long incoherent waves.
This means that G (t) = 1y, 1) () where Ty < T) < Ts.

Refocusing of the coda for a mirror above the source. We now address
the case where the mirror is located above the source: xy = 0. By integrating
(37) we obtain, to leading order in |z4|/ Ljoc:

a’w? T A 4 B i
Urp(T,X,2) = ——2 (__ _) iwo(—T+€)/A 0 ~\ 4
TR( ) 167Tﬁ53LlOC|ZS|fOZ Tw + ETw ‘ q g2 E‘Zs‘q 1
2

where the parameters 0 < ¢, < ¢; < 1 are given by

q; = <1+M>—1

|ZS|

Here T, > T > Tp, which means that the parameters ¢;’s are smaller than 1.
The spatial profile of the refocused field has therefore a radius which is larger
than the Rayleigh limit A\g|z;|/a. In the case where the mirror is located just
above the source, the refocusing of the incoherent waves cannot involve super-
resolution, because the angular diversity of the refocused waves is very small
(the geometry is as in the right picture of Figure 7 with the cone of aperture

A92 = Q1a/|zs|)'

Refocusing of the coda for a mirror not above the source. We now
assume the offset x5 > 0 and we introduce the angles 0 < 6y < 0y < 7/2:

; = arccos <ﬁ> (41)

After some algebra we obtain that the refocused focal spot is:
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cos(61)
Ura(T, X, Z)| T /
TR = —
T 322532 5 Lioe o 21 =¢2
P : 0s(62) (1 + 2Llocsv1—s2) 5
~ [ wWoas S woas iw—,o(sX—l—Z\/l—sQ)
X — A Y E
92 ( CTs ( V1—3s2 ) CTs )6
S T Xs+Zv1— s?
| (o ds
1— 82 Tw CTw

1 1

‘ [foz i (42)

The y-component fo, of the source does not appear in this leading-order ex-
pression, because it has not been recorded by the mirror due to the fact that
the source location has a zero y-coordinate. As pointed out above, this expres-
sion holds true if |z5| < Liye and x5 > 0. If moreover z, < Lj,., then the first
factor in the integral can be simplified to one. Let us write 6; = § — Af/2 and
0y = 0+ A#/2. In the new orthonormal frame (W, Wy, W3) defined by

sin @ 0 cos
Wfl - O _ P WIZ - 1 3 W/?) - O _ 3
—cos 0 sin 6

and described in figure 9, the shape of the refocused field (42) divided by the
maximal amplitude (a?w?)/(3272pc3 Ligexs sin?(0)) is equal to:

A A A6
\Urr(T, X, Z)| ~ |gs (“’0_ L(X, Z).W, 222X, Z).@) sinc (“’02 (X, Z).v?q)‘
c
Loz T X, Z).w
where _
a acosf
Al = —— Afy =
YT o tanf’ 2 Ty

a) In the ws-direction, the focal spot size is imposed by the initial pulse width
T, and it is given by ¢T,.

b) In the wa-direction, the focal spot is determined by the mirror size a and it
has the size \g/Afy where Ay = a(cosd)/z, (Afy is represented in the right
picture of Figure 7). This size is consistent with the Rayleigh formula. The
random medium cannot help refocusing in this transverse direction because no
scattering occurs in this direction. This is connected to the layered structure
of the medium and should not happen in a real three-dimensional random
medium.

c¢) In the w;-direction, the focal spot radius depends on the two angular cones
A@ and Af;, which can be chosen independently (see the left picture of Figure
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7):
- The angle A# is determined by the recording time interval [T7, T3):

Ts T
A@ = arccos (m) — arccos (m)

This “temporal” cone is delimited by the angle of the shortest ray and the
angle of the longest ray recorded by the center point of the mirror.

- The angle A#; is determined by the spatial size of the mirror. This ” geomet-
rical” cone is delimited by the two rays with the same travel time originating
from the two ends of the mirror.

Two cases can be then distinguished.
1) If Ad < A6, < 1, which is the case in particular if only a very short piece
of coda is recorded, then Eq. (42) can be simplified into

[ weAd L woAd .
gg< 0L (X, Z) W, 05 2(X,Z).W2>

L o= T X, Z).w
Wady <_T_ + %)

‘UTR(T, X, Z)| ~

X

In this case, the angular diversity of the refocused waves mainly originates
from the numerical aperture of the mirror, and we get a formula in qualitative
agreement with the Rayleigh resolution formula. More quantitatively, if we
record a piece of the coda just after the front, meaning that T}, T5 are close to
Ty, then 8 = arccos(z,/OS) and the focal spot size is A\g|2s|/a. Recall that the
focal spot size generated by the front is given by A\gOS?/(a|z|). This shows
that the random medium enables to correct for the offset z,.

2) If AP, < A8 < 1, then Eq. (42) can be simplified into

‘UTR(T, X, Z)| ~

) woA\b .
. (o, ° 2<X,Z>.w2)

sinc <w0%9 (X, Z).v?q) ‘

2C
= T X, Z).w
—*3'f0 < ( ) ) 3)

X
Ty cly

In this case, the angular diversity of the refocused waves mainly originates from
the temporal refocusing cone Af# described above. Therefore the focal spot
size is A\g/A0 as soon as Af > a/OS. This size is determined by the angular
diversity of the refocused incoherent waves and it is much smaller than the
prediction of the Rayleigh resolution formula. It is actually of the order of the
diffraction limit if 7, —T; > ¢/x, so that Af ~ 1. This means that recording
a long coda allows us to enhance dramatically the effective aperture of the
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Fig. 8. Pulse refocusing when the incoherent waves are recorded.
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Fig. 9. Frame adapted to the refocusing of the incoherent waves.

mirror thanks to the multiple scattering in the random medium. The spot
shape is plotted in Figure 10. Qualitatively, if we increase the recording time
window by taking a larger 7% and a smaller 77, then we get a wider and
wider numerical aperture. The largest numerical aperture is [0y, 7/2] where
6y = arccos (z5/0S). It is obtained for T} close to Ty and Ty — Ty > ¢/xs.

If z, is large and becomes comparable to the localization length, then the refo-
cusing can become even better but it is more cumbersome to write explicitly
closed-form formulas (no analytical expressions are available for the refocusing
densities). Qualitatively, waves scattered in the slab [z, 0] can contribute to
the pulse refocusing of the pulse. In the best conditions (where the emitted
wave is completely recorded) the numerical aperture is generated by two cones
(6o, 7/2) and (—m/2,—0).

6 Time reversal with a passive scatterer

The analysis we have carried out for an active source can be extended to the
case where a passive scatterer embedded in a random medium is illuminated
by a source located at the surface. We describe briefly how our active source
results also apply to this passive scattering case. In this case the time reversal
mirror records the scattered signal, where the scattering results from both
the interaction of the wave field with the small inhomogeneities and with the
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Fig. 10. Left picture: Pulse shape generated by the refocusing of the incoherent
waves in the plane (W1, ws3). The mirror is square with size a and the initial pulse
profile is Gaussian with duration T,,. Here a = 0.33, z;, = =3, s, = 4 (OS = 5),
ts =0 (¢Ty = 5), €Ty = 6, &1, = 8 so that tanf = 1.38, A¢; = 0.04, A, = 0.06
and Af = 0.2. As a result the spot shape is a sinc function with radius D /5 where
D, = \zstanf/a in the wy direction and a Gaussian function with radius &7y,
in the ws direction. The spot shape in the wy direction is a sinc function with
radius A\g/A6fy where Afy = acos é/xs. For comparison we show the focal spot in
the homogeneous case in the right picture.
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Fig. 11. Emission from a point source located at O = (0,0). The scatterer position
is S = (xs, 25). The signal is recorded at the mirror M.

embedded scatterer. The mirror is modeled exactly as above, that is, it has a
large spatial extent and records a long time segment of the wave field which
it sends back into the medium after time reversal. We will show that again
the time reversed wave field focuses tightly on the scatterer and that a super
resolution effect can be observed.

The random medium occupying the slab (—L,0) is defined as in previous
sections. Now a point source is located just above the surface at (0,0") and
emits at time zero a short pulse, moreover, a scatterer is buried inside of the
random medium. The wave propagation is again described by (1) with the
external source given as in (3):

Bt x,2) = & m f <3) 5(x)5(2) . (44)

3

and scaled so that it will produce a refocused field of order one. Figure 11
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illustrates the geometry in the situation: a point source is located at the origin
O = (0,0), the scatterer position is S = (xs, z,), and the time reversal mirror
M is located in the plane z = 0, but not necessarily at the origin O. We model
the scatterer as a local change in the density of the medium:

P(X> Z) =p+ pl]-B(Xa 2)7

where B is a small domain around S = (xg, z5). The system that governs the
propagation of the acoustic waves can be written

8* ou 1 0Op
Por +Vp=F — pi1p(x, 2)— iTR K ot

We apply the Born approximation for the modeling of the scattering by
S [16]: the total field at the surface is the superposition of the primary field
(do, po) which solves the problem

Oty = = 1 9po

,OE—FV]?():F ()875 —0

and of a secondary field (uy,p;) which is due to the emission of a secondary
source located at S. The emission of the secondary source is proportional to
the primary field at the position of the scatterer:

_ody
P ot

8 Ug 1 Opl

ot K(2) Ot =0

+Vp1 = —pilp(x, 2)——

We assume that the scattering region B is smaller than the wavelength, and
we model it by a point scatterer with scattering volume 30, where the
scale factor 3 is imposed by the wavelength scaling ¢, and o is small so that
the Born approximation is valid:

plp(x,2) = 3pod(x — x,)6(2 — z,) . (45)

The total field is decomposed as U = Uy + Uy, p = po + p1. Next we take a
Fourier transform with respect to the time and the transverse spatial variables
and, using the generalized reflection and transmission coefficients to express
the primary field and the form (45) for the scatterer, we find that the secondary
field (4, p;1) solves the problem

w

—p—v1 + z—npl = &3S, x(w)e _Z%”‘xScS(z — Z), (46)
8 )
—pzﬁ Uy + % = EgSl,z(w)e_’?“'x“’d(z — 2s), (47)
—LEA —l—z'wnv +% =0
K(z) e YT T
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where u; = (vy,u1), Uy = (Vo, ug), and the secondary source terms given by

i K’ 12 (K xs+zs/e(K
Six(w) = 2y /E {Rg(w,/{',zs)e 2 (K x5tz /2(k")) (48)
—Tg(w, K/, Zs)eif(m{xs—zs/é(,{/))} f(w)w?’dn’,
10, p , i (K xot2s /2(K))
Sl,Z(w) - (271')2 / 25(1%/) [Rg(wa K, Zs)e (49)

+Tg(u), Iil, Zs)eif(nl'xs_ZS/E(nl))} f(w)wgdl‘&,.

These source terms correspond to the emission from a point source similar to
the embedded source problem discussed in Section 3. Making the substitutions

t =0, f(w) = Six(w),  folw) = Sia(w),
in (14), we can proceed as in the case with an internal source.

We now record the signal at the mirror after the direct arrival from the source.
The recorded field is made of three components:

- The incoherent primary waves which are of amplitude £3/2 [1].

- The coherent secondary field. Indeed, the front pulse emitted by the source
O has been scattered by S. This has created a secondary coherent source pro-
portional to oge?. It therefore generates a new coherent front of amplitude
052,

- The incoherent secondary waves, which are of amplitude o,e%/2.

Next we time reverse the recorded signal and we amplify it by a factor 1/e be-
fore re-emission so that the secondary coherent source appears as proportional
to o,e2. Therefore we create a refocusing spot at the scatterer S of amplitude
os using the results of the previous section. Note also that refocusing at the
original source location O takes place at a later time, with a large amplitude of
order 1/e. Also, the background incoherent field generated by the re-emission
is of small amplitude, of the order of £'/2.

The description of the super resolution at the location of the scatterer S is
similar to the one given in the previous section. The differences come from the
propagation of the front wave from the source O to the scatterer S, which cre-
ates a small random time-shift and a deterministic spreading of the secondary
source. These two differences are not compensated by time reversal in the
refocusing at S. They are quantitatively described by the O’Doherty-Anstey
theory [8,18].

We will skip the technical details of the proof, but remark that the main
difference with the proof given in the case of an active source is the appearance
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of a third transmission/reflection coefficient factor modeling the propagation
from O to S. The moment analysis shows that only the coherent part of this
factor gives a significant contribution to the refocused shape.

To summarize this section, we have proposed a technique to focus acoustic
power on a scatterer buried in a randomly layered medium.

7 Conclusion

In this paper we have studied time reversal in three-dimensional randomly
layered media. We have considered the case of a point source inside of the
medium emitting a short pulse and a time reversal mirror recording the trans-
mitted waves at the surface of the medium. We have shown that, after time
reversal, the re-propagated waves refocus at the location of the source. We
have given a detailed analysis of the properties of this refocusing in a regime
of separation of scales, and, in particular, we have exhibited effective aperture
enhancement and super resolution effects due to the multipathing of waves
which have traveled below the source and have been recorded and sent back
by the mirror. Finally we have proposed an application to the problem of
improving the focusing on a scatterer buried in a random medium.
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